Introduction P
RANDTL'S lifting-line theory 1¡3 is no doubt one of the most important contributions to uid mechanics in the past century. Inspired by Lanchester's physical insight, 4 Prandtl and his collaborators developed the theory to predict the lift and induced drag of a wing with a nite span. Although some of his assumptions were introduced without suf cient validation at the moment of birth, the theory was later mathematically justi ed such that it has a sound basis on physics (for example, see van Dyke 5 and Saffman 6 ). Even now Prandtl's lifting-line theory is evolving and survives through competition with modern numerical wing theories. 7 The theory has been used not only to predict three-dimensional aerodynamic characteristics but also to solve inverse problems and so on. There are, however, not so many applications to study ow eld around wings of nite spans, although the lifting-line theory has its root in physical intuition on ow eld around a three-dimensionalwing. We shall review very brie y the former efforts to derive analytical formulas to describe several aspects of the induced ow eld around an elliptically loaded lifting line, which is well known to minimize induced drag of a single wing. From the early stages of development of the theory, a couple of formulas are known. Glauert 8 summarizes the formulas to describe the induced velocity eld in the transverse plane on which a bound vortex is placed and that in the Trefftz plane as well as the induced velocity upon the x axis. As recently as 1985, Phillips 9 put forward the closed-form formula for the downwash in the plane of symmetry of an elliptically loaded wing. The present Note adds another formula that depicts the distribution of induced velocity in the plane of an elliptically loaded lifting line and its wake with special reference to the singularities at the edges of the vortex sheet. The newly derived formula would serve as a basis of estimating interaction among wings and also a test bed for modern numerical wing theories.
Derivation of Formula
This study uses the coordinatesystem after the conventionalaeronautics. A lifting line or a wing is placedupon a line segment [¡1; 1] of a y axis. As we shall derivevelocity eld in z D 0 plane,we denote induced velocity simply by w.x; y/.
Prandtl's lifting-line theory can be described within the framework of inviscid vortex dynamics. 6 The following volume integral gives forces acting on a wing: 
where F, ½, u, and ! denote an aerodynamicforce vector,air density, a velocity vector, and a vorticity vector, respectively. The velocity vector and the vorticity vector are interrelated by
When vorticity distribution is known, Biot-Savart's relation, the inverted version of Eq. (2), gives the induced velocity u:
where r and r 0 denote the position vectors of u and !, respectively. In our problem the vortices bounded upon the wing is give by using the circulation°.y/:
where°.
parameters², u, and°0 designatethe ratio of root chord to semispan, ight velocity, and the circulationat the wing root, respectively.The parameter ² is related to the aspect ratio AR in case of an elliptic wing:
On the other hand, the wake consists of changes in the vorticity shed from the wing:
Let us start from substituting vorticity distribution equations (4) and (6) for Eq. (3), and the following integral calculates velocity induced at a eld point .x; y/ by these vortices:
ntegrating the second term on the right-hand side of the preceding equation in terms of » with some algebra as well, one obtains the induced velocity in a more concise and nondimensional form g:
where we take Hadamard's nite part of the preceding improper integral.
Because the whole situation is symmetric about y D 0 plane, the following derivation shall be con ned in the case of nonnegative y for the brevity of description:
The rst term on the right-hand side of Eq. (7) can be integrated in terms of elementary functions, e.g., by use of complex-integral technique:
The secondterm on the right-handside of Eq. (7) can be expressed by the complete elliptic integrals. First integration by part yields
For y 2 [0; 1] one has to eliminate the singularity in the rst integral on the right-hand side of Eq. (9). This will be done later.
Let us introduce the following change of variables:
Changing variables from´to ¿ and noting the symmetry of the integrand in Eq. (9), one can rewrite Eq. (9) in the following:
where
To obtain the standard forms of the complete elliptic integrals, we shall introduce another change of variables:
Some algebra in Eq. (10) leads to the following:
To arrive at the nal form, we need to use standard formulas on the complete elliptic integrals such as
Functions K, E, and P are the complete elliptic integrals of the rst, second, and third kind, respectively, that is,
A few more manipulation leads us to the nal form of the second term on the right-hand side of Eq. (7): 2²x
By virtue of Eqs. (8) and (12), the nondimensionalinduced velocity is given by
for y > 1.
In case 1¸y¸0 we need to modify the complete elliptic integral of the third kind to eliminate the singularity:
This identity is not valid if n approachesunity as will be shown later. Using the preceding relation and Eq. (8), one obtains the result for 1¸y¸0:
To get the reduced form for y D 0, it is necessary to tend y to zero with special cares on the limiting procedure. This will be shown in the next section.
Limiting Cases
In this section we shall derive limiting values at edges of the vortex sheet and upon the x axis. The former reveals the singularity of ow eld, whereas the latter corresponds to the known form. 8 If we let y tend to unity in Eq. (14), we obtain the limiting value approaching the edge of the vortex sheet from its interior:
On the other hand, the approach from the exterior of the vortex sheet exhibits such a singular behavior as follows:
The third term on the right-hand side in Eq. (16) diverges, whereas the rst two terms remain regular. This diverging character is a typical edge singularity as is seen in Eq. (8) . As a matter of course, the interior value coincides with the exterior value except the singularity and the singularities upstream cancel out. We shall derive the limiting form of Eq. (14) for y D 0: On the other hand, the following also holds:
Therefore, we obtain the limiting value on the x axis:
This corresponds to the classical result.
8
Results Figure 1 shows the distribution of induced velocity in the plane of an elliptically loaded lifting line and its wake by use of the newly derived formulas (13), (14), (15), (17), and their mirror images.
Conclusions
Modern computer environments offer easily accessible libraries to calculate the complete elliptic integrals. Researchers also have access to several symbolic manipulation systems that carry out calculation of the complete elliptic integrals immediately. Thus there is no dif culty in depicting the entire ow eld as in Fig. 1 very accurately. This ow eld itself might be much too simple, but it serves in several ways: it is useful to verify the accuracy of a numerical method; it is also useful to analytically understand the physical model, for example, the edge singularity as is referred to in the preceding section; it might well be useful at the conceptual design stage to consider the interaction of wings.
